A constitutive model is developed for material non-linear analysis of steel fibre reinforced concrete slabs supported on soil. The energy absorption capacity provided by fibre reinforcement is taken into account in the material constitutive relationship. The theory of plasticity is used to deal with the elasto-plastic behaviour of concrete. A smeared-crack model is used for reproducing the concrete cracking behaviour. The soil non-linear behaviour is simulated by springs on orthogonal direction to the slab. The loss of contact between the slab and the soil is accounted for. The model performance is assessed using results of experimental research.
-INTRODUCTION
Westergaard [1] was, probably, the first researcher to develop analytical models for studying plain concrete beams and slabs supported on an elastic field. These models are, however, restricted to the linear elastic regime, which is far from the real behaviour of cement based materials such as concrete. In order to avoid the brittle failure of plain concrete, the use of steel rods and steel wire meshes on concrete industrial floors became a current practice after the sixties. To design reinforced concrete slabs on grade, Losberg [2] and Meyerhof [3] developed analytical models based on the yield line theory [4] . However, these models are not able to reproduce the deformational behaviour up to the collapse load of a reinforced concrete slab on grade.
Recently, a finite element based model [5] was proposed to evaluate the load-carrying capacity of plain concrete slabs on grade. However, the model results are mesh dependent [6] because the tensile post cracking energy absorption capacity was not accounted for.
In the last two decades the conventional reinforcement on industrial floors has been replaced by steel fibres. Research and practice have shown that, in comparison to conventional reinforcement, steel fibre reinforcement is more efficient and economic for industrial floors [7, 8] . The mechanical properties and the cracking behaviour are improved by adding steel fibres to the concrete mix [9] [10] [11] . Numerical models for analysing laminar structures of steel fibre reinforced concrete (SFRC) are still scarce. Using a model for material non-linear analysis of reinforced concrete structures, Falkner and Teutsch [12] have proposed some procedures to adjust this model to SFRC structures. The main suggestion advanced by these researchers was the evaluation of a reinforcement equivalent to a given content of fibres. This procedure was based on the equivalent flexural tensile strength proposed by the German Concrete Association [13] . The assumptions of Falkner and Teutsch seem too simplified for simulating the behaviour introduced by fibre reinforcement, as it can be observed from their numerical results.
The experimental research has revealed that the post-peak behaviour of SFRC, both under tension and under compression is much more ductile than the corresponding behaviour of plain concrete [9, 14] . New constitutive laws have been proposed for modelling the post-peak behaviour of SFRC in compression, as well as in tension [10] . The failure envelope of SFRC under biaxial compression is also different from the corresponding plain concrete [15, 16] . However, for the content of fibres usually applied in industrial floors, the differences are marginal.
In the present work a constitutive model is developed for material non-linear analysis of SFRC slabs supported on soil. The main characteristics induced by fibre reinforcement are simulated in the material constitutive laws, namely, in the tension and in the compression post-peak stress-strain relationship. The parameters of the material constitutive laws have been assessed for concrete reinforced with hooked ends steel fibres [17] (ZP30/.50 and ZX60/.80).
-THE SOFTENING BEHAVIOUR OF SFRC

-Introduction
The ability of SFRC to absorb energy has long been recognized [9, [18] [19] [20] as one of the most important benefits of incorporating fibres into plain concrete. Tension [21] , compression [22] [23] and bending [9, 10] tests performed under displacement control have revealed the high-energy absorption capacity of SFRC. For the content of fibres used in current applications the tension and the compression behaviour are basically changed on their post-peak branches (strain-softening).
An experimental work was recently carried out to appraise the strain softening behaviour of SFRC on tension and on compression [10] . The main results obtained and used in ascertaining the numerical model developed, will be briefly described in the present section.
-Compression behaviour
Previous work [14, 22, 23] has shown that the complete stress-strain expressions proposed for plain concrete [24, 25] cannot adequately fit the post-peak response of the fibre concrete. Based on experimental research, a new expression was proposed [10] ,
where 
for concrete reinforced with ZX60/.80 fibres, where fo G is the fracture energy of the corresponding plain concrete, which can be evaluated from RILEM recommendations [26] .
The shape of the tensile strain-softening diagram of SFRC was obtained by performing numerical simulations of the tests. This numerical simulation revealed [14] that a trilinear diagram (see Fig. 2 and Table 1 ) is appropriate to reproduce the post-peak tensile behaviour of SFRC.
The values of the characteristic points of the trilinear softening diagram, specified in Table   1 , were also obtained from the numerical simulation of the tests. 
-NUMERICAL MODEL
-Introduction
In order to simulate the progressive damage induced by plasticity and cracking, the concrete shell element thickness is discretized in layers. Each layer is considered in a state of plane stress. The concrete shell can be reinforced with conventional smeared steel bars or/and steel fibres. The shell element is formulated under the Reissner-Mindlin theory [27] , using the finite element techniques [14] .
The concrete cracking is simulated under the framework of the smeared crack concepts, which can be categorised into fixed, multifixed and rotating crack models [14, [28] [29] [30] .
These three models are available in the computational code developed.
According to the present model, the total strain increment of cracked concrete, ∆ε , consists of the strain increment in the fracture zone, ∆ε cr , and the strain increment of concrete between cracks, ∆ε ep co ,
In smeared crack models the fracture is distributed over a crack band width, b l , which is related to the particular finite element configuration. In the present numerical simulation b l is taken equal to the square root of the area of a Gauss point [31] .
-Concrete constitutive laws
Stress and strain increment vectors are related by
where co D is the concrete tangent constitutive matrix, 
-Linear elastic uncracked concrete
For the homogeneous, isotropic and linear elastic material, the submatrix 
where c G is the concrete shear modulus and F=5/6 is a correction shear factor [14] . 
-Linear elastic cracked concrete
where R is a matrix defining the direction of the cracks formed at a sampling point (Fig. 3) and cr D is a matrix which accounts for the constitutive law of the cracks. Each crack is governed by the following constitutive relationship:
where ∆s cr is the crack stress increment vector (Fig. 3) [ ] 
and
is the crack stiffness matrix, where D I cr and D II cr are the fracture mode I and the fracture mode II stiffness modulus of smeared cracks, respectively. The D I cr is characterised by the fracture parameters [6, 30] , namely, the tensile strength, f ct , the fracture energy, G f , the shape of the softening law and the crack band width, b l . Fibre reinforcement mechanisms are reflected, mainly, on the fracture energy and on the shape of the softening branch. For current fibre contents used in the concrete applications, the remainder fracture parameters are only marginally affected by fibre addition. The fracture energy and the shape of the softening branch of SFRC were evaluated from the data presented in section 2.3.
Residual strain at crack closing is higher on fibrous concrete than on plain concrete [21] .
To model this behaviour it is proposed the following relationship ( 
where e nn m cr , is the maximum attained crack strain normal to the crack and η is given by,
A value of 165 can be advanced to C parameter, but more experimental research is needed to calibrate this parameter. According to this expression, the residual strain increases with e nn m cr , and with the fibre percentage and fibre aspect-ratio, which is in accordance with the trend showed by the reduced experimental data available.
The fracture mode II modulus, D II cr , is obtained from the expression [30] :
where β is the shear retention factor determined from 
for plain concrete, with e nn u cr , being the ultimate normal crack strain (Fig. 2) , and
for SFRC. Taking into account the experimental data available [32] , it is proposed a value of 980 for the M parameter. According to this expression, the shear retention factor increases with the fibre percentage and with the fibre aspect-ratio, and decreases with the crack strain, which gives the trend revealed by the experimental data.
The shear retention factor for the conventionally reinforced concrete is evaluated from the expression proposed by Cervenka [31] 
-Elasto-plastic uncracked concrete
where a is the flow vector and h is the hardening modulus [33] . The hardening modulus depends on the equivalent stress-plastic strain relationship used for concrete in compression.
In the plasticity approach, concrete strain, 
For a given concrete plastic strain, the concrete stress is computed from (28) using the Newton-Raphson method. The concrete hardening modulus is obtained by deriving Eq.
(28) in order to the plastic strain.
For the fibre contents used in industrial floors, experimental research has shown [15, 16] that the shape of the yield surface of SFRC under biaxial stress state is similar to the yield surface of the corresponding plain concrete. The yield surface proposed by Figueiras [34] ( ) 
-Elasto-plastic cracked concrete
For cracked concrete with concrete between cracks in elasto-plastic behaviour (epcr) the submatrix co mb D given in (11) is obtained from the following expression: 
-Tensile behaviour of reinforced concrete layers
The relative position between a concrete layer and a reinforcing layer defines which diagram will be used to simulate the tensile behaviour of the concrete layer. The behaviour of a concrete layer will be simulated by a tension stiffening diagram if its middle surface is positioned within the effective tension area [24] (Fig. 4) . The behaviour of the other concrete layers will be simulated by a softening diagram (Section 2.3).
A tension-stiffening model was developed [14] for laminar concrete structures reinforced with sets of smeared steel bars. These sets can have different orientation and properties.
The model is based on the principles proposed by Link et al. [36] and Massicotte et al. [37] , and can be represented by the post-peak stress-strain trilinear diagram illustrated in Fig. 5 . The expressions defining the coordinates of the points A, B and C were deduced in a previous work [14] .
-Constitutive relationship for the reinforcement
Reinforcement of smeared steel bars added to plain or fibrous concrete can be modelled by a linear-parabola diagram or by a multilinear diagram [14] . The material non-linear behaviour of steel bars is reproduced under the elasto-plasticity framework [14] .
-Soil
The soil is simulated by springs orthogonal to the laminate structure ( Figure 6 ). The tangent soil reaction modulus is usually evaluated from plate-loading tests [11] . The results of these tests have revealed that soil pressure-soil settlement relationship may be simulated by a multilinear or linear-parabola diagram [14] . The soil contribution to the stiffness of the whole structural system is computed by adding the soil stiffness matrix, (35) to the slab stiffness, where If in a given sampling point the concrete slab loses the contact with the soil (Fig. 7) , i.e., if the displacement orthogonal to the slab middle surface, 3 u , is less than the plastic soil settlement, sp a , the part of the soil corresponding to this sampling point does not contribute to the stiffness of the slab-soil system. These procedure accounts for the zones where the soil has plastic settlements (zone A in Fig. 7) , as well as, for the zones where the slab lift up with soil in linear elastic state (zone B in Fig. 7 ).
-MODEL APPRAISAL
In a previous work [11] hooked ends Dramix steel fibres [17] are simulated with the numerical model described in the present work. The slab designated by P3 was supported on elastic cork subbase. In slab named P4, the elastic cork subbase was replaced by a layer of rubber mats of the same thickness, in the load applied zone over an area of 1.5×1.5 m 2 . The reaction modulus of the cork and rubber subbase was evaluated from plate loading tests on specimens of 500× 500 mm, with a plate of 150 mm diameter. The values of the material properties for numerical simulation are included in Table 2 . These values were obtained from the experimental data published [12] (see also Fig. 8 ).
Taking the symmetry of the problem, a quarter of the slab is discretized by eight-noded isoparametric Serendipity elements, as shown in Fig. 9 . The slab thickness is discretized in 10 layers of equal thickness. The stiffness and the internal forces of the slab-soil structural system are evaluated using 2× 2 Gauss points per finite element. relationship of slab P3 (Fig. 10) , it is noted that, above the load of 220 kN, the deflection increases significantly for a small load increment. Due to this fact, the deflection for load level of 230 kN is also included in Figure 12 . It can be conclude that the deflection registered experimentally for 220 kN is reproduced with reasonable accuracy in the range 220-230 kN in the numerical simulation.
In slab P4, apart from the left branch of the deflection along the 1 x axis for load level of 345 kN, the remainder deflections are predicted quite well. The smaller deflection predicted by the numerical model in -1500 ≤ 1 x ≤ 0 mm for load level of 345 kN ( Fig. 13) is due to the crack pattern developed in the experiment [12] . The deflection in the negative The deflections registered on displacement transducers placed at corners (50 mm apart from the corner -point P in Fig. 9 ) in slab P3 for load levels of 60, 120, 180 and 220 kN are depicted in Fig. 16 . The relationship between the applied force and the displacement at point P obtained with the numerical model is also illustrated in Fig. 16 . A good agreement between experimental and numerical results is observed. (Fig. 9) . 
-CONCLUSIONS
